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We consider the plane problem of the motion of a liquid in a porous 

medium under the action of gravity forces, when the liquid occupies a 

certain semi-infinite region G(t), bounded by a curve r(t), without 

multiple points, extending to infinity in both directions. With the 

passage of time the region G(t) will change; the shape of the region G(O) 

at the initial instant of time is assumed known. Moreover, it is assumed 

that the boundary r(O) of the region has the x-axis as an asymptote; it 

is natural to suppose that, in the given conditions, this property is 

retained at any instant of time t during the flow of the liquid under the 

action of the forces of gravity. 

It is assumed that the pressure p on the contour r(t) is constant at 

all stages of the motion and is equal to zero; we shall assume that the 

motion of the liquid obeys Darcy’s law. 

Galin [ 1 ] reduced this problem to a non1 inear boundary problem in the 

theory of analytic functions, to the solution of which the author applied 

the method of successive approximations. 

We give below a derivation of the boundary condition which is different 

from that in paper [ 1 1 ; the problem is reduced to a certain integro- 

differential equation, and thence to a system of nonlinear integral equa- 

t ions. Under specified conditions the existence of a solution of this 

system is established by a method analogous to that applied to another 

problem in a paper [2 1 by Kufarev and Vinogradov. 

Suppose tha.t the function z = ~(10, t), which we normalize by the con- 

dition 

lim[z(w, t)-au:] =O when w-+ 00, Imw,<O 

conformally maps the lower half-plane Im w 4 0 on to the region G(t). We 

1358 



The problem of plane unsteady motion of ground waters 1359 

shall assume that Z~W, t) cm be represented in the form 
2 (w, t) = w + \k”(w, t) 

where ~(ID, t) is a function which is holomorphic in the lower half-plsne 
Im w Q 0 and, for sufficiently large values of (w(, Im w 4 0, satisfies 
the conditions 

We shall assume that the function r,(w) = z(w, 0) is given, in so far 
as G(O) is known. 

According to Darcy’s law, the pressure is related to the complex 
potential of the motion X*(2, t) by the following equation: 

s* (2, t) = - k xi* (z, 1) + ikz (Xi’ = p -!- i(l) 
Pg 

(see [ 3 I , Chapter XV), where k is the filtration coefficient, p - the 
density of the fluid, g-the acceleration due to gravity, p-the pressure 
in the fluid and q - the function which is the harmonic conjugate of p. 
According to the conditions of the problem 

p=Rex,‘(z, t)=O on r(t) 
Introducing the notation 

s= (2 (W, t), t) = ,Y (w, t), Xl* (z (w, tj. t) = X1 (22, t) 

let us express the complex potential of the motion in terms of the vari- 
able w in the form [ 1 I 

x (W, t) I= - kiw + kiz (w, t) (2) 

Turning to the derivation of the boundary conditions for the function 
E(W, tl, let us compare the two expressions for the velocity of the fluid 
particle at the point z(cf. [ 2 1): 

vz-l_dX_zik& ik ---_ 
7n dz rn az m 

where R is the porosity of the soil. 

On the other hand, the velocity of the fluid particle is expressible 
in the form 

Equating the expressions so obtained for the velocity, after multiply- 
ing by dz/dw, we find that 
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Hence, after multiplying by i, we obtain 

or 
- 

=_+lwhenv=O 2 = z (lc, t) + kit , w = 5 + iq (3) 

Dividing both sides of equation (3) by 1 ZIII/ ‘, we have 

Re i$ 
i 1 

=-/vp 
WJ 

b-&J (4) 

In what follows it will be assumed that the function ~(tlt, t) satisfies 
the Holder condition on a real straight line (see [4 1). 

According to the boundary condition (4) the function iZ,/Z. is analytic 
in the half-plane im ID< 0 and, allowing for condition (l), can be re- 
presented as an integral by means of the Schwarz formula for the half- 
plane (see 13 3, Chapter VI) 

zt 
-k-m 

i-=P, 
Zw 

P (u:, t) = ; 
s 

lV(W% wwgjj (5) 

Here the integral is to be regarded in the sense of its principal 
value, Writing (5) in the form 

Z,+iZ,P=O (6) 

and differentiating with respect to 10, we obtain an integro-differential 
equation for V(ID, t): 

dy-_i vg_pe 
at [ azo au: 1 (7) 

where P is expressed in terms of the boundary values of the function 
v(w, t) by formula (5). 

If v(1p, t) is the solution of equation (7) which satisfies the initial 
condition V(V. 0) = V,(W), then the required function Zfo, t) is deter- 
mined by the formula 

w do 
2 (w, t) = 

s qiq + K (t) K(t) =: - i 
> 

(8) 

0 

Making the substitution 

\(UJ, t) = 1 + 24 (w, t) 

(for sufficiently large values of / ~1) in equation (7). we obtain an 
equation for U(W, t): 
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The solution of equation (10) will be sought in the form of an integral 
of Cauchy type along the line CWjIm v = 8, 6 > 0): 

u (w, t) = c X (5, t) dt 
, w - r (es t) 

(11) 
CE 

The functions z([, t), X([, t) in this expression are assumed to be 
defined in the region D (1 tl ( tO, tO > 0. 6 C[) and satisfy the follow- 
ing conditions. t0 

1. The function z([, t) - 5 and its derivatives up to the second order 
inclusive, are holomorphic with respect 

1 z(5, t)--516C, 
S+~z(:. t) 

8<k% 1 <B 

For sufficiently large values of 14‘1 

to t and uniformly bounded: 

(k, I = 0, 1, 2, 1 <k + I< 21 (12) 

2. The function X([, t) is holomorphic relative to t and satisfies the 
conditions: 

I X (41, t) - X G2, t) I d H I Cl- 52 1’7 (k = 0, 1, 2) (14) 

and, for sufficiently large 1{1, the condition 

(15) 

Making use of expression (ll), 

Equation (10) for U(W, t) then 

we find from (10) that 

( 
x = x (5, t), z = x (5, t) 
y - x (q, t), y = x(q, t) > (16) 

takes the form 

au 
z=i f 

On the other hand, differentiating (11) with respect to t, we find 
that 

(18) 
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Equating the expressions so obtained for &/at we find that equation 
(10) for u(10, t) is satisfied if x and X are the solution of the following 
system of equations: 

(1% 
ax 
z = 2i 

c 
Fdy dX 

+ 2i _ _ zi , x = 4iX 
ss 

FZdfdq 

i: X-Y 
n 

c,q (z - 2) (5 - 3 (z -2 

The integral with respect to 5 in the expression for X(6, t) is inter- 
preted in the sense of a principal value. 

Theorem I. Suppose that 6 > 0 and X,(t) is a function, 
and satisfying on C 

z‘ 
the conditions 

I Xo (0 I <Ho, No < H, I Xo (td - Xo (Sal I <Ho I 

and for sufficiently large values of \[I the condition 

defined on Ct 

Then. for sufficiently small t,. the system (19) has in D, a unique 
regular* solution, 

The fundamental 
of the system (19) 
integrand of which 

satisfying the”initia1 conditions ‘0 

x(5, 0) = f, x (5, 0) = x0 (5) 

difficulty in the proof of the existence of a solution 
arises from consideration of the second equation, the 
has a singularity at z = X. In the proof, equation (19) 

is replaced by a system of the form 

ax 
at - ss f (x, ii z, r, ZI d&p: 

ax -- 
8i. cs 

‘p \x, Y: z, ?, .V dtdrl 
z-x 

c,cc WC 
where f and 4 are functions which are holomorphic in the region 
Im x([, t) < a,, 0 < 6, < 6 < S,, 6, < Im y@, t) < 6 , 
1 I’( 4 H, lZ( < If, and, for sufficietily large (7 (, I <j, 

6, < Im 

Conditions, which are sufficient for the existence of a solution of 
the system (22), are evidently sufficient also for the existence of a 
solution of system (19). Moreover, since the integration with respect to 
7 in (22) cannot worsen the convergence of the successive approximations 
which are employed in the proof. then for the sake of brevity the theorem 
of existence and uniqueness is proved for the following system of equations: 

l A solution of the system is regular if the functions x, X satisfy the 
system (19) and possess the properties (13)-(15). 
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where f and 4 are functions, holomorphic in the region 

C1 < Im x (C, t) < 82, El< Im z (L t) < 82, IZI<H* 
H 

IzlGlcI” o<p<1 

for sufficiently large 141, The behavior of the functions f and C$ for 
large 1 [I and 15 1 is characterized by inequalities of the form 

Ill<& for large 141, 
M 

IflglC,w+’ - for large ICI 

If, however, 5 and 4 are simultaneously sufficiently large in modulus, 
then a condition of the following form is satisfied: 

M 

1 f 1 G 14 1 I< IV + 1 

The system (23) is, in general, analogous to the system of equations 
studied in [ 2 1. The essential difference, which appreciably complicates 
the proof, is the integration along an infinite straight line in our case, 
leading to the postulation of supplementary conditions concerning the 
sufficiently rapid decrease of the respective functions as w + 00, and to 

the necessity of examining the fulfilment of these conditions in approxi- 
mations. 

Theorem 2. Let the function ~~(101 be holomorphic and one-sheeted in 
the half-plane Im 10 < 0 and let it satisfy the conditions 

1 1 
Izo(w)-~~I< j-p’ Izo’(w)-III-, 

1 
uo (WI = 

ufl 
I wy zo (4 I - I, x0 (E) = zzi 

Moreover, let x((, t), X(5. t) be the solution of system (211, regular 
in the region D 

t0’ 
and satisfying the initial conditions 

xtC, 0) - 4, x (F, 0) = x0 (t) 

Then the function Z(IP, t) defined by formula (61, is the unique solu- 
tion of the boundary problem (31 which is holomorphic in D 

t0’ 

Theoren 3. Let Z,(W) be a function, holomorphic and one-sheeted in the 
region Im I < 0. Then if the function Z(w, t), holomorphic in the region 

DT, 0 < t < T, Im to < 0, is the solution of the equation Z, + iZIP = 0 

which satisfies the initial condition Z(w, 0) = Z,(W), then it is one- 

sheeted in the lower half-plane Im w < 6. 

BY means of the substitution z = z,(z*l, the proof of the Theorem is 
reduced to the case when ~~(0) = ID. Then Z(W, t) = ~(0, W, t), where 
o(r, O, t) is the solution of the equation do/dr = iP, satisfying the 
initial condition o( t, I, t) = (D. Since P = iZ,/Z,, then by virtue of 
(41 we obtain 
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C~InlW 
- = Im (iP) < 0 

dz 

From this inequality it follows that in the range 0 < r < t the vaIues 
of w do not lie outside the region of holomorphicity of the function 

PCW, t). Hence, according to known theorems on the theory of differential 
equations, the holomorphicity and one-sheetedness of the function Z(W, t) 
follow. 
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